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Someoftheequationsintheappendix(pages15to 24)ofthispaper
areincorrectforthecasesinwhichvaluesoftheparameterk are
negative,whichcorrespondsto theconditionthatthewingtrailingedge
is sweptforward.If derivativesforthesenegativevaluesof k are
desired,thedesignchartsof figures7 and8,whicharecorrectly
plottedforbothpositiveandnegativevaluesof k, shouldbeused
exclusively.

NeitheroftheauthorsofthispaperisnowemployedbyNASA,and
theoriginalderivationsarenotavailable.Apparentlysomesiq errors
wereinadvertentlyintroducedby simplificationsmadeto theeqyations
afterthedesignchartswereplotted.Specifically,certainchangesin
signwereintroducedasa resultoftheextractionofnegativeroots
fromradicalterms.Correctionsto specificequationsforapplication
towingswithsweptforwardtrailingedges(thatis,fornegativevalues
of k)areobtainable,however,by comparisonwitha reintegrationof
theformulasforpotentialsandpressuresintablesI and
possibleerrorsin si~.
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THEORETICALLIFTANDDAMPINGINROLLOF THINWINGSWITH

ARBITRARYSWEEPAND TAPERJKTSUPERSONICWEEDS

SUPERSONICLEADINGANDTRAILINGEIX2ES

By SidneyM. HarmonandIsabellaJeffreys

SUMMARY

Generalizedexpressionsareobtainedbymeansoft@ linearized
theoryforthesurfacevelocitypotentialsandthesurface-pressure
distributionsdueto liftandroll,thelift-curveslope,andthe
damping-in-rollderivativefora seriesofthin@rigs.Theresultsare
applicabletowingsofarbitr& taperratioinwhichtheleadingedge
is sweptback,whereasthetrailingedgeiseithersweptbackor swept-
forward(includingzerosweepangles),andthetipsareunyawedwith
.respectto thefree-streamdirection.Therangeof speedscoveredis
suchthatthecomponentsofthestreamvelocitynormaltotheleading
andtrailingedgesaresupersonic.A furtherrestrictionisthatthe
foremostMachlinefromeithertipmaynotintersecttheremotehslf-
Wing. Theconfigurationsforwhichtheresultsforthestabilityderiv-
ativesareapplicablemaybe extendedbymeansofthereversibility
theorem.Theseadditionalconfigurationsincludecasesinwhichthe
foremostMachlinefromeithertipintersectstheremotehalf-wing,pro-
videdtheMachlinefromtheleadingedgeofthecentersectioninter-
sectsthetrailingedge,andalsowingswhichhavesweptforwardleading
edges.

Theresultsoftheinvestigationarepresentedintheformof
generalizeddesigncurvesfor

\

Theliftanddampi@gin

rapidesttitionofthederivatives.

INTRODUCTION

rollasobtainedfromthelinearized
theoryof supersonicflow-havebeenreportedforveriousrangesof
supersonicspeedsforthinwingshavingparticularplanforms(for
example,seereferences1 to 7). Inreference7, generalizedcurvesare
presentedforthelift-curveslopec% andthedsmping-in-rollCz

P
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2 NACATN 2114

fora particularfamilyoftaperedsweptbackwingsfora rangeof
supersonicspeedsforwhichthewinglieswithintheMachconeemanating

E

fromtheleadingedgeofthecentersectionbutliesaheadoftheMach “
coneemanatingfromanypointalongthetrailingedge(subsonicleading
edgeandsupersonictrailingedge).

m thepresentpaper,therangeof speedswhichis consideredb
reference7 isextendedanddataareobtainedforcasesinwhicha por-
tionofthewingalwaysliesaheadoftheMachconeemanatingfromany
pointalongtheleadingedge(supersonicleadingedge)althoughthe
trailingedgeis stillsupersonic.Thewingsconsideredhavean arbi-
trarytaperratio,leadingandtrailingedgest~t areea~ ~ePt ata
constantangle(includingzerosweepangles),andtipsthatsreunyawed
withrespecttothefree-stresmdirection.Theresultsoftheanalysis
forwingswithsweptbackleadingedgesandeithersweptbackor swept-
forwardtrailingedgessregivenintheformof generalizedequations
forthesurfacevelocitypotentialandforthesurface-pressuredistri-
butionforthewingatanangleof attackandina steadyrolling
motion. Generalizedequationsarealsogivenforthesewingsforthe
derivativesC& and CZP. A serie’sofgeneralizedcurvesispresented,
fromwhichrapidestimationsof C_Laand CZP canbemadeforgiven

vsluesofaspectratio,taperratio,Machnumber,andleading-edgesweep.
Someillustrativevariationsofthederivativeswiththeseparameters

..

arealsogiven.

As showninreferences8 and9,thetheoremofreversibility
n

appliestothederivativesc& and c1 forthewingsconsideredin

thispaper(seealsor~ference10’for$’a). Consequently,theresults
forthesederivatives,whicharepresentedforwingswithsweptback
leadingedges,applyaswelltothecorrespondingsweptforwardwings
obtainedbyreversingtheflightdirection.Inordertopresenta
completeandsystematicanalysis,somedatapertaintigtothepresent
calculationswhichhavebeengiveninotherpapershavebeenincor-
poratedherein.

SYMBOLS

X,y,z’ rectsmgularcoordinateswithoriginatleadingedgeof
centersection(figs.1 ands(a))

indicatesa transformationoforiginofx’-andy-axesfrom
leadingedgeof centersectionto leadingedgeoftip

(sectionxa = x h- _-;ya . y
)

- h onrighthalf-wing

.—— ,——..—. .
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v .JL .
.

Ya
‘a=—mxa

v undisturbedflightvelocity

M free-streamMachnumber.

a

P

P

A

Aqq

m= cotA

h

b

c

Cr

Ct

A

s

.
A

wingangleofattack .

dngularvelocityabdutx-axis,radians

(
-1~

Machsngl.esin ~ or cot-lB)

sweepofwing

sweepofwing

leadingedge,positiveforsweepback

trailingedge,positiveforsweepback

wingsemispan

wing span

chordatarbitraryspanwiseposition

rootchord

tipchord

taperratio(Ct/Cr)

‘ tcr(:+x))wingsrea

aspectratio
(&)

k=
cotAm BA(l+ X)
cotA ‘BA(l + X) - 4Bm(l- k)
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-—-—- .- —.- . . . . ..-



.,
4 NACATN 2114

A’ = BA

mt =Eul

J= At(l+X)

P free-streammassdensityof@ir

@ disturbance-velocitypotentialonuppersurfaceofairfoil

AP

Acp

“Pt

pressuredifferencebetweenloweranduppersurfacesof
atifoil,positiveindirectionoflift

nondimensionalcoefficientexpressingratio,ofpressure
differencebetweenloweranduppersurfacesofairfoil

()tofree-streamdynsmicpressure—
+ ;$●

contributionofwingcut-offattipto A%; usedwith
subscriptsa and p to refertoangleofattackand
steadyrollingmotion,respectively

X,Y,Z forcesparallel”tox-,y-,sndz-axes,

L lift

Lt rollingmoment

CL lift coefficient(dL~ m%

()+
rolling+nomentcoefficient~

% = (S)a+o

respectively

v

t.

.

.

.
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Subscripts:

R referstoreverseofa givenwing,~btainedby reversing
flowdirection

‘m referstotrailingedge

ANALYsis

Scope

Theanslysisisl~ted towingsofvanishinglysmallthickness
thathavezerocaniber.Theresultsarevalidonlyfora rangeof super-
sonicspeedsinwhichthecomponentsofthefree-stresmvelocitynormal
to theleadingandtrailingedgesaresupersonic.Theseconditionsare
nowcommonlyexpressedby theterm“supersonicleadingandtrailing
edges”.Thewingconfigurationsconsideredinthesnslysisaredefined
by theinformationandsketchesgiveninfigures1 and2. Allthedata
obtainedintheanalysisforthevelocity,potentialandpressuredistri-
butionsandforthederivatives& and CZP areapplicabletothe
wingsofthetypeshowninfigure1. Thesewingshavesweptbackleadhg
edges,althoughthetrailingedges“maybe eithersweptbackor swept-
forward. A furtherrestrictionisthattheMachwavesfromeithertip
maynotintersecttheremotehalf-wing.

It isindicatedsubsequentlythat,althoughthedatafortheveloc-
itypotentialandpressuredistributionsareapplicableonl.ytowingsof
thetypeshowninfigure1,theresultsfor ~ and Czp maybe
appliedalsoto anadditionalseriesofwingconfigurationsby useof
thetheoremofreversibility.Thisadditionalseriesofwingsisindi-
catedinfigure2. Thewingsinthefigurehavesupersonicleadingand
trail~gedges.b figure2(a),theleading’edgeis sweptforward.The
configurationshowninfigure2(b)representsan increaseintherange
ofapplicabilityforBA overthatindicatedh figure1. Thisincrease
intheBArange,bymeansofthetheoremofreversibility,isdiscussed
inthesectionentitled“ResultsandDiscussion”smdcorrespondsto the
allowancethattheMachwavesfroma tipmayintersecttheremotehslf-
wing,providedtheMachlinefromtheleadingedgeofthecentersection
intersectsthetrailingedgeofthewing.

Theorientationofthewingwithrespectto a bodysystemof coordi-
natesxesusedintheanalysisisindicatedinfigures(a).Thesurface
velocitypotentials,thepressuredistributions,andthestabilityderiv-. ativesarederivedwithrespecttothissystem.Figures(b)showsthe
wingorientedwithrespecttothestability-axessystem.A transforma-
tionofthebodysystemofaxesto thestabilitysystemofaxes

—
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(referencesIl.and5) indicatesthattothefirstorderin a,the
derivatives~ and Clp havethesamevalueinthestabilitysystem ,
astheydointhebody-axessystemshowninfigures(a).

Method

Basicconsiderations.-Theev&luationofthederivatives~ and

cZp involvestheintegrationoverthewingofthedisturbancepresspres
causedby an@e ofattacka anda steadyrollingangularvelocityp,
respectively.h thetreatmentof smelldisturbances,suchasarecon-
sidered@ thisanalysis,thedisturbancepressuresmaybe determined
fromthewell-knownrelationship

%’$
L

2pvf& 4
=—=+; PV2

(1)

Derivationof @ .ab.d distributions.- Thepotentialfunc-
tion 9 mustbe determinedsoasto satisfythelinearizedpartial.dif-
ferentialequationoftheflowandtheboundaryconditionsthatsre
associatedwiththewinginitsprescribedmotion.

Themethodsforderivingthepressuredistributionforlift@g
sweptwingsoffiniteaspectratioofthetypeconsideredhereinare
extensivelytreatedintheliterature(forexsmple,references1,2, 4,
and1.2to1~). Inthepresentanalysis,itwasfoundconvenientto
obtainthesurface-potentialfunctionandthepressuredistributionon
thewingbymeansofthe’methodanddatapresentedinreferences14,15,
or16.

Expressionsfor $ and A% distributions.-Forpurposesof
obtaininggeneralizedexpressionsforthesurfacevelocitypotentialand
pressuredistributions,a generalwingofthetypeconsideredinthis
analysisis convenientlydividediptofiveindividualregions.These
regionsareindicatedinfigure4 andaredefinedbymeansofMachfore-
coneboundarieswhichyieldregionsinwhichallpointsareinfluenced
by a particulartypeofdisturbance.Thusallpointsinregion1 are
influencedby a disturbancewhichisidenticaltothatinducedby an
infinitelylongobliquewing. Pointsinregion2 areinfluencedby a
disturbancewhichisidenticaltothatinducedby a triangularwing.
Pointsinregion3 experiencetwotypesofdisturbances;oneoftheseis
thesametypeasthatinregion1 andtheotherresultsfromtheeffect
ofthewingcut-offatthetipwhichishereinafterdenotedasthetip
effect.Pointsinregion4 experiencedisturbanceswhichincludeall
typesassociatedwithregions1,2, and3. Consequently,theformula

.

.

.-

— —. —.
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for @ or A% inregion4 expressestheeffectsof.aK1.thedisturb-
ancesexperiencedinregions1 2, and3.

i
Whenthe @ or A% expres-

sionas determinedforregion isusedformy oftheregions1,2,
or 3, certaintermsbecomeimagtiary.Theseimaginsrytermsindicate
theconditionthata disturbancetyyeassociatedwithregion4 vanishes
intheotherregions1,2, or 3. Theforegoingfactsshowthatthe
expressionfor @ or ACp inanyoftheregions1,2, 3, or4 is
foundsimplyastherealpartof @ or ACp as determinedforregion4.
Pointsinregion5 hreactusllyinfluencedby allthedisturbanceswhich
sffectregion4,togetherwitha newdisturbancewhichemisesfromthe
tipeffectassociatedwithregion2. However,iftheeffectiveforezone
of influenceisdrawnforpointsinregion5,thatis,iftheexternal
fieldis canceledby theappropriateareaonthewingsurface,the
effectoftheadjacenthalf-wingdisturbanceis seentobe completely
canceledby thetipeffectar,isingfromregion1. TherealpartoftheI expressionfor @ or ACP,as determinedforregion5, consequently
doesnot@eld thecorrespondingformulasfortheotherregions.

‘&eformulasfor # and AC
?

forthefiveregionsfora general
wingofthetypeconsideredinth s analysisaresummarizedintablesI
andIIforthecasesofangleofattackandrolling,respectively.It
i’ssignificanttonoteintableIIthatinregions1 to 4 thepressure
distributionscausedbyan angleofattackareconical(f(v)or f(l’a)) .
andthosecausedbysteadyrollingarequasi-conical(S(V) or ~f(Va)).
-Ies ofthepressuredistributioninthechordwiseandspanwise
directionsforthecasesofangleofattackandrollingaregivenin “
figures5 and6,respectively.

Derivationofformulasfor C& and Czm.-Thederivatives~

@ Czp arebasicallyobtained
titiesA~(x,y) and ACP(X,Y)
Thus

by integratingoverthewingthequan-
timesitsmomentarm,respectively.

@

whereACp= ~ @x and @x fbrtheangleofattack
arelinearfukctionsof a and p, respectively.

(2)

(3)

androllingcases

.
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Theconicalformof A% for C& (f(v)or f(~a))andthe
quasi-conicalformof ACp for CZP (xP(V)or xaf(~a)),as tidi-

catedintableIIforregions1 to 4,makeitconvenientto employa
polarintegrationprocedure.h thispolarintegration~rocedure,the
variableofinte~ationy or ya is replacedby thewiable V
or Va,respectively,aqdtheintegrationsinequations(2)and(3)are
convenientlyperformedfirstwithrespectto x andthenwithrespect
to V or va. b somecasesinthepresentanslysis,itwasfound
-convenienttoutilizethepotentialfunction@ to obtainthederiva-
tives c~ and Czp. Thusjfora liftingwing,thelinearized,thin-
airfoiltheoryyieldsa potentialfunction@ whichisantisymnetrical
withrespecttothexy-plane(z= O). Furthermorej@ iscontinuous
for z = Constant(eitherz~i-o or z~ -O). Consequently,@ is
zeroatthewingleadingedge.Then,because& iscontinuousonthe
wing,thereresults

o T.E. I F T.E. I

J ACpdx=+j ‘-”@x&x=$&
L.E. ,L.E.

Thetotalliftperunitspanalonganywing
isproportionaltothevalueofthepotentialat
Similarly,theroll~ momentcontributedby any
portionalto theproductofthepotentialatthe
momentarm. Thusthederivativesare

(k)

section,consequently,
thetrailingedge.
wingsectionispro-
trailingedgeandits

(5)

(6)

wheretheinte~alsareewuated sJ-ongthewingtrailingedge.For
casesinwhichthederivativeswereexpressedintheformof equa-
tions(~)or (6),thepotential@~ wasobtainedfrmntableI by
specifyingx and y or Xa and ya forconditionsalongthewing
trailingedge. ,.

.

.
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NACATN 2114 9.

RESULTSAND

Formulasfor

The formulasfor ~ and Clr

DISCUSSION

C& and Czp

, aresummarizedintheappendix.
Itmaybe foundfromanexaminationoftableIIthatthepressuredis-
tributionsme ingeneral.markedlydifferentforthecaseswherethe
Machlinefromtheleadingedgeofthecentersectionintersectsthe
~ tipandwherethisMachlhe intersectsthewingtrailingedge.
Inorderto determinethederivativesC~ and Clp,hotiever,itis
sufficientto integratetheforcesormomentsonthewingas determined
forthecaseinwhichtheMachlineintersectsthewingtip. Thereal.
partsoftheresultingexpressionsthenalsoyieldthecorresponding
derivatives~ and CZPfor thecaseinwhichtheMachlineinter-
sectsthewingtrailingedge.Thisfactresuitsfromtheinherentrule
of supersonicflowsthatanydisturbancecannotpropagateaheadofthe
Machaftercone.Thenthefirstcase(Machlinecuttingtip)maybe
convertedto thesecondcase(Machlinecuttingtrailingedge)by cut-
tingoff,anappropriaterearportionofthewing. Thisconversiondoes
notalterinanywaytheoriginslpressuredistributionoverthenew
wing. Thus,iftheexpressionsfor ~ ~ C2P as determinedfor
thefirstcasearenowappliedtothesecondcase,certaintermswhich
arisefromdisturbancespeculiartothefirstcasebecomehaginaryj
andtheremainingtermsthatarereslyieldthecorrespondingexpres-
sionsfor forthesecondcase.~ and CZP

Theresultsof computationsforthederivativesC~ and Clp
srepresentedinfigures7 and8,respectively.Thedataareshownfor
valuesoftaperratio k fromO to 1.0for%sluesofaspect-ratio.
parsmeterBA from2 to 20. Therangeof sweepanglescoversvalues
forsweep--e parameterB cotA from1 tom.

ForconstantB,thatis,constautM, thecurvesinfigures7
and8 indicatedirectlythevariationof,C~ and CZPYrespectively,
w$thsweepforconstantvaluesof A and X. Inthiscasethecurves
forincreasingvaluesof B cotA correspondto decreasinganglesof
sweepbackforboththeleadingandtrailingedges.Somespecificvaria-
tionsofthederivativesC~ and Czp withMachnumber,aspectratio,
sweepsingle,andtaperratiome showninfigures9 and10. Thewing
parametersrepresentedinthefiguresincludeconfigurationswith

.
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10 NACATN 2114

supersonicandsubsonicleadingedgesandsupersonictrailingedges.
Theresultsforthesupersonicleadingedgeswereobtainedfromfig-
ures7 and8 ofthispaperandthoseforthesubsonicleadingedges
wereobtainedfromreference7. (Notethatapplicationofthe
reversibilitytheoremtotheresultsofreference7 forwingswith
subsonicleadingedgesandsupersonictrailingedgeswillyield
correspondingresultsforwingswithsupersonicleadingedgesand
subsonictrailingedges.)

The datainthesefiguresshowthatthemannerinwhich C%
and Czp varywithmanyofthefactorsdependsto an importantextent
onthevalueoftheaspect-ratioparameterBA. Figures7 and8 show,
forconstantMach’ntaiber,thatwhen BA islessthanapproximately3,
themagnitudesof ~ and Czp tendto increasewithdecreasing
sweepangle;however,when BA isgreaterthanapproxhately3,the
=tudes ofthesederivativestendto increasewithincreasingsweep

. Thisgeneraltrendforvaluesof BA greaterthanappro~tel.y3
becomesmorepronouncedas BA isincreased.Thesedataindicatealsq
thatforvaluesof B cotA greaterthanapproxhately3,thesweepof
theleadingandtrailingedgesforconstantBA and X havea very
smslleffecton BC& or BCZP.

Theforegoing trendsmaybe explainedby the
afterconewhichemanatesfromtheleadingedgeof
thewingtip. !T!hisrelationship&s m important
butionofthewingtipregiontothederivatives
thequantity >

<

relationoftheMach
thecentersectionto
effectonthecontri-
C& and C2P. If

.

‘cot‘%%P-E
thentheMachlinefromtheleadingedgeofthecentersectioncutsthe
wingtip. Thisconditionyieldsregion~ infigure4. Iftheeffective ‘
forezoneof influenceisdrawnforpointsinregion5,thatis,ifthe
externalfieldiscanceledbytheappropriateareaonthewingsurface,

.

it isseenthatthepressuredistributionsh thisregionforbothangle
of attackandrollingaredeterminedonlyby thesourcesina strip
alongtheleadingedgeoftheremotehalf-wing.Becausethesesources
generallyareat a comparativelylargedistancefromregion5,thecon-
tributionofregionsto C& iscomparativelysmall(seefig.5). In
thecaseofrolling,thesesourcesattheleadingedgeoftheremote
hslf-wingactuallycontributenegativedampingtoregion5 becausethese
sourceshavethereversesignfromthoseontheadjacenthalf-wing
(seefig.6). Fora givenvalueof B cotA, fromgeometricconsidera-
tions,thisinfluenceofregion5 inreducingthe_itudes of C&
and CZ decreasesasthevalueof BA increases.

P

.

—— ——.
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Simil.mly,
inreducingthe
thetaperratio

fromgeometric
magnitudesof

extenttothetrend
progressivelylower

increases.

l-l

considerations,theinfluenceofregion‘j
& @ C2P increasesasthevalueof
This

that themaximum
valuesof X as

factorcontributesto an important
valuesof C~ =d CZP occurat
BA decreases(seefigs.9 and10).

Extensionsof ~ and Clp Resultsby

ReversibilityTheorem

Increasedrangefor BA.-Thedirectapplicationoftheformulas
intheappendixisltiitedby therestrictionsthattheleadingedgeis
sweptbackandis supersonic,thatthetrailingedgeis supersonic,and
thattheforemostMachlinefromeithertipdoesnotintersectthe
remotehalf-wing.Asnotedintheintroduction,however,thereversi-
bilitytheoremfor C~ and CZP isapplicableforalltheplanforms
usedinthederivationoftheseformulas.Inthisconnection,wing
planformsofthetypeshowninfigure2(b)requirespecialattention.
Inthesecases,theforemostMachlinefromeithertipintersectsthe
remotehalf-wing,thatis,

4BcotA
‘A< (1+ A)(1+B cotA)

thereforetheseconditionsareoutsidethevalidityoftheformulasin
theappendix.Itcsnbe shown,however,thatifthisreduced-aspect-
ratioparsmeterisaccompaniedby theconditionthattheforemostMach
linefromthecentersectionintersectsthetrailingedge,thatis

4X3cotA
A - l)-‘z71+h)(B cot

thereverseofthewingsshowninfigure2(b)willmeetsllthecondi-
tionsforthevalidityoftheformulasintheappendix.Thusthe
valuesfor C% and cZp forwingsofthetypeshowninfigure2(b)
canbe calculatedfromtheformulasintheappendixby usingthewing
parametersforthereverseofthegivenwing,andapplyingthecalcu-
latedresulttothegivenwing. IfthesubscriptR referstothe
reverseofthegivenwing,theparameterstobeusedintheformulas
arerelatedinthefollowingmanner:

BAR= BA

(7)

-—. -- ..— ..———.- _ -— ..__.. . . .- ._ _______ . ... -___>___ _ ._._ . _ - - ~ ____ _



12 NACATN 21J.4

Wingswithsweptforwardleadingedges.-“Theresultsfor BCj&
and ECZp whichme showninfigures7 and8 forwingsinwhichthe
leadingedgesaresweptback(positivevaluesfor B cotA) canbe
appliedtowimgswithsweptforwardleadingedges(negativevalues
for B cotA) by useofthereversibilitytheorem.(Seefig.2 for
applicablewingconfi&ations.)Thus,supposethesweep-angleparame-
terisexpressedas B cotA wherethisquantityisnegativeandwhere
thereverseofthegivenwingmeetsalltheconditionsforthevalidity
ofthedatainfigures7 and8 as indicatedinfigure1;thevalues
for IK& and BCZP forthegivenwingarethenobtainedfromfigures7
and8,respectively,by choosinga wingforwhichtherelationships
expressedbyequation(7)apply.Thus

B*AcotA(l+ k)
B COtAR = ~B

wherethesubscriptR refers
and8.

kR=?b

totheparameterstobeusedinfigures7

An illustrativecomparisonof E!&a and BCzp forwingswith

sweptbackandsweptforwardleadingedgesisgiven‘h figures11and12,
respectively.Thedatainthesefiguresarepresentedfora taperratio
of0.5,forvaluesof BA of2, 4,and10,andfora rangeof B cotA
from-5to 5. Thewingparametersrepresentedinthefiguresinclude
configurationswithsupersonicandsubsonicleadingandtrailingedges.

Theresultsforthesweptba~kleadingedgeswereobtainedfrom
figures7 and8 ofthispaperforthesupersonicleadingandtrailing
edgesandfromreference7 forthesubsonicleadingedgesandsubsonic
andsupersonictrailingedges.b thecaseofthesubsonictrailing
edges,theresultsfromreference7 havea limitedsignificanceinthat b
theyrepresentanupperlhuitforthetruevaluesofthederivatives.
Thelimitedsignifanceoftheresultsforthesubsonictrailingedgesis
indicatedinfigures11and12bymeansofthedashedportionsofthe
curves. .

Theresultsforthe’sweptforwardwingswereobtainedby useofthe
reversibilitytheorem.’Inthisconnection,it shouldbe notedthatthe ,.

I

.

—.–. —. .. ——. — ---
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reversibilitytheoremfor ~ and
subsonicleadingandtrailingedges

,

c1P isapplicableevenfor
(reference9,),

Thecomparisonforthewingswithsweptbackandsweptforw&d
leadingedgesinfiguresl.1and12 indicatesthatthecurvesfor BCl& ““
and ECZP for A . 0.5 are,ingeneral,verynesrlysymmetricalwith
respecttotheordinateaxis. Thesignificanceofthesymetryofthe
cwves isbettervisusl.izedwhenitisnotedthat,fora specifiedA,
k, and A, ifthesweepangleoftheleading,edgeisreversedin sign
to -A,thereisalsosa alterationinthesweepangleofthetrailing
edge,themagnitudeofwhichisdependentonthevariouswingparameters.
Consequently,thenearsymmetryofthe BC~ and ~ 2P curvesintig-
ures11 and12 for X = 0.5 indicatesthatfora givenA and A,
if A isreversedinsign,thevsluesforthederivatives~
and C2P are,ingeneraljonlyslightlychangedeventhoughthesweep
anglesofthetrailingedgesofthetwo&s maybemsrkedlydifferent.
Forthecaseof anuntaperedwing,thetheoremofreversibilityindi-

“ catesthat ~ and Cl
P

me unchangedby reversingthesignsof A

ad~> tht is
, thecorrespmdingcurvesinfiguresU_and12would

be identicallysymmetricalwithrespecttotheaxisof ordinatesfor
sXLvaluesof BA.

Comlxll)m REMARK’

Generalizedexpressionshavebeenobtainedbymeansofthelin-
earizedtmeory forthesurfacevelocitypotentialsandthesurface-
pressuredistributionsduetoliftandroll,thelift-curveslope,and
thedamping-in-rollderivativefora seriesofthinwings.Theresults
areapplicableto’-s of srbitrarytaperratioinwhichtheleading
edgeis sweptback,whereasthetrail- edgeiseithersweptbackor
sweptforward(inclu~ zerosweepangles),andthetipssreunyawed
withrespect$0 thefree-streamdirection.Therangeof speedscovered
wassuchthatthecoirponentsofthestreamvelocitynormal.tothe
leadingandtrailtigedgesweres~ersonic.A furtherrestrictionis
thattheforemostMachlinefromeithertipmaynotintersectthe
remotehalf-wing.

Theconfigurationsforwhichtheresultsforthestabilityderiva-
tiveswe applicablemaybe extendedbymeansof thereversibility
theorem.Theseadditionalconfigurationsincludecasesinwhichthe
foremostM&Shltiefromeithertipintersectstheremotehalf-wing,
providedtheMachlinefromtheleadingedgeofthecentersection
intersectsthetrailingedge,andalsowingswhichhavesweptforward

#

—.——,. . ..—_ . . .. —.._ ..-.7— . . . . . . .,. -_ —— - . . ---- .-— A— . . . . . . . . . . -—- ..-. .—
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leadingedges.Theresultsoftheinw,stigationwerepresentedinthe
formof generalizeddesigncurvesforrapidestimationofthe .
derivatives.

.
?

A significantresultoftheinvestigationwasthatforconstant

~~1 (whereMachnwiberwhen A M? A isaspectratioand M isMach
number)waslessthanapproxhat.ely3,themagnitudesofthelift-curve
slope~ andthedemping-in-rollderivativecZp tendedto ticrease

withdecreasingsweepangles;howe~er,when A~~l wasgreat”erthan
approximately3,themagnitudesofthesederivativestendedto increase
withincreasingsweepangle.

LangleyAeronauticalhboratory
NationslAdvisoryCommitteeforAeronautics

LangleyAirForceBase,Vs.,February23,1950

.

.

.

—
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APPENDIX
“.

SUMMARYOFFORMULASFOR CLa AND CZ
P

Thefollowingformulasfor ~ and CZP refertowingswhich
haveanarbitrarytaperratio,leadingandtrailingedgesthatareeach
sweptat a constantangle(includingzerosweepangles),andtipsthat
areunyawedwithrespecttothefree-streamdirection.Theseconfigura-
tionsarelimitedby theconditions(seefig.1)

BcotA~l

and

4B cotA
‘*a (1+X)(l+B cotA)

Notethatthetrailingedgesmaybe eithersweptforwardor sweptback.
Intheformulas,caremustbeusedtopreservethecorrectsigjuofthe
termsinvolvingradicsls.Forexample,if a <0 and b <0, then

Itmaybe of interesttomentionthatincomputingwiththeformulas,
itwasfoundthatif sevensignificantfigureswereused,reliable
results

If

wereobtained.

Formulasfor &

theMachlineiscoincidentwiththeleadingedge,thatis,
B cotA = 1, thereresult:

.

-.. . —.-. —-.——-— _ —. —.. . . . . . .—— . .. . -— .- _.. ... ———. .- . ..-.



-(2A’ k~k- 1
[
Cos-1(2A- 1)

a(l- ,1
-coS-l* -

X)2(k+ l)j~.

XjX(k- 1) k-1+ +
(1-1.)~(1-X)(k+l) k(l-X)2(k+l)

~ Foruntapered

(&=

Whenthe

wings;X=l;km’ =1:

/

NACATI’2114

[

_LQ+f ~os-~A’- 1 “1A’+l+~-; +?A’~ (A2) ,JcA’B

Mach lineisbehindtheleading.etig,thatis,

Bcot A>l, andif A’< ~+~4~: ~ , thereresult:

\
\

\
\

\ \

\
\

Fortaperedwings:

1

{

Li-Ini‘k+A’(k-

[

lj12> cos_l1
cj&= —+

ti+li 2A’(# - 1) k
m’

—

(A’)

.

.*

——— .— --- —-
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“N Forunsweptleadingedgesorfor

17

unswepttrailingedges;k=w or O:

c%=&p~os-,(,-;)-,]-lJE_[,,,,.OS-+;-J+.-
( ) 1V’+Ti‘Os-’”-

~ Foruntaperedwings:

\

“Q Fortaperedwings:

{

E-m’k+ A’(k- 1~2

Ck = B*
2A’(k2- 1)

\

(A4)

.

_[ fi4hl’- A’(k- lfl-2I m’+1
4A’(k- 1) ~k(lnn’+ 1

i

b

.— - . . . . . . . . . . . . . . . . . . . ._—. —.. . —.—— ———..—. ___ ________ ______ --_-.a~__



“N )?..unswept leadingedgesorforunswepttrailingedges;

> Foruntaperedwings;

{%= ““k -

p-+

A=k=l:

( )in’2 in’2 -2 ~os-l 1 IU’2

(m’2- 1) “--+

1}A’m’I-C

NACATN 2114

k=ca or O:

(’7)‘

)

Formulasfor CZP

IftheMachlineiscoincidentwiththeleadingedge,thatis,
B cotA = 1,thereresult:

Fortaperedwings:

(A8)

Czp=(i!~J3k3(l_ k)3+

(i-k)~

2J2k3(l- k)2(9k- 8j
+

[
2J@l - k)(l& - 32k+ 12)+ 12k4(k2+ 4)

+
(1- k)3

4p3(l - Ik)(23@+10k+2) + 4kJ2(41&- 5k - 1) “
+

4[-l&J(29k- 1)+ 240k

‘}

3’ m+

35 3#(1 + k)3

(continuedonnextpage)

.—— -.— —
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8k5(k2+ 4) .

[ 1CO$-l ~ - ~os-l ‘(l - k) + 2k _

J3(1- k2)3&ci
k 2k

&3(& + 2J 1

-16 512 k 3/2

(1)3(I- #)3 3fiB(1+ ‘) + 3m~J(l + A) k + x

1? ~ 3/2

{
E

()~
2A(4N3+ 6& + llk- 11)- Jk(13k2+ 29k- q

k8k(k+ 1)2-

[

&(3k2 + 3k+20) +~(k2 -21k -2)+4k2k(23k+3

64(k+ 1)2 7

r-*(:-’)@+ i($+’)2 Cos-l;;:j ,.3&/’ - x
1

(A9)

Forunsweptleadingedges01’forunswepttrailingedges;k =co or O:

-16

){F ]r
13J3+ 656& - 342J+ 54o) 4 - J

31tl(l+ k
— -

105J2 J

4 -1
(
-2+2J- 1

— Cos )
J2 +

J3 2
J [

512 W?Y’2 -3@J3(l + x)

[ 1[(3J2+ km + 92h2
-i:

@3/2J5/2 2&A5/2z3/2
12- 5

-—-.. .—- ——- -—----———. ------— —... ..+— —. ._. .... . . .. . . . _
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Foruntaperedfigs; X = k = 1:

NACATN 2114

1

[

16 8
CZP= ~~A,3

(A’+ 1)2(13A’2- 22A’+ 13)COs-lA’ - 1 +
—-m+ 763 A’+1

(37A’3@.=- (All)

.
WhentheMachlineisbehindthe-leadingedge,thatis,B cotA >1,

k?..m’andff A’< (1+ X)(m’- 1)’thereresult:

Fortaperedwings: .

Czp = *( 1-128m’&3~& -m’2(3k2+ 1) co~-l1 +

3YCJ3(1+h)(m’2- 1)3/2(1- k2)3
~

12.E!J+k%+k2 - al’%+
3fiJ3(l+ X)(l- k2)2(m’2- l)(m’2k2- 1) -

128m’h5~4+ m’2&(F + 3j

[
CO*-l1

3fiJ3(l+ A)(1- &)3(m’2&--1)3/2 m-

1{~o~-12m’k- J(m’k- 1) _ Y(1 - k)4~4k4rn’5+ 12k3m’4(k+ 5)+
2m’k

m’3&’(-17&+ 22k+ 43)+ m’2k(-5k3- 481s?+ 3k+ 2) -

m’(10k3+45i#+12k+5) - (&’+14k+5fl+

16hl’J3(l-

m’2k(-3k3-

(3k2+ 2k +

d

k)3~rn~~4+&3m14(k+2) +~~3k2(-3#+ 14k+ 5)+“ .

8&’+ k-6)- m’(6k3+&+8k +3) -

3] +32m’2&~(l -k)3~@m’4 -9k%’3(3+k) +

(continuedonnetipage)

—.—— . .- — —
,-
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1
3m’2k(l&7k-6)+~i(&-5k -1) -3(1-k) +

.

256m’3k3J(l- k)?~%’3(1- k) + m’2E(2- k - ~) + ,“

1ml(-2k2+k+l) + (1-k) +256km’
[

4 4 &4m15 + 11.m’%3(7 - k) +

k%’~(-gg - 10k+ 35)+ lmP2(3k3- 3!& - 5k+ 18)+

m’(6k3;37k2+4k +3)+ (3k2-14k+

21

}

~O~.l J(l+ k - 21m’) + 4km’

31
J(l- k) + 4km’

96fiJ3(l+ A)k(l- k)3(m’2- l)(m’k+ l)3~k(m’k+l)(m’-1) -

p(l+k)4E4k4m,5+~~,4(5 -k) +m13k%N -=k+43) +

lmd2(5k3-

(5k2-14k

l&p3(.3#

~k2 - 3k+2) +m’(10k3- 45k2+12k - 5)+

+ 5~ + 16km’J?(l+ k)3C&4m’5+ 8k3m’4(2- k)+

- 14k+.5)+km’2(3k3- 8&=k - 6)+m’(6k3- ~+

8k - 3)+ (3k2- 2k + 31 + 32k2m’2f(l+ k)3~12k3m’4

9&l’3(3- k)+3w2(l? +7k - 6)+3m@k2 +5k - 1)

3(1+k)~ +256k3m’3J(l+k)2~&’3(1 +k) +km’2(2+

+

k-~)+

● mf(-2k3- 3# + 1) - (1+ kfl+ 256k4m’4[&4m’5+ 4k3m’4(k+ 7)+

k&3(-9& + lok+“35)+ l@2(-3k3- @ + 5k + 18)+
.

m’(-6k3- 37# - 4k+ 3) - (3& + 14k+

.)
co~-lJ(k; ; : p:) ~km’

3iJ
96fiJ3(1”+ X)k(l+ k)3(m’2- 1)~’k+ l)3~k(m’k+ l)(m’+ 1) -.

{
J3(1- k2)2~2k7m’7+ 4k6m’6- k5m’5(5k2- 7) + k4m14(5&- 13)+

.
- 2k%’3(5k2- 4) - 2#%f2(5# - 7) - ti~(5#- 3)+ 5(# - lfl+

(continuedonnetipage)-
.—— —.
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4J2(1- k2)2h’(13k4’6- f&5m’~- 33k4~’4+~k~’s+27&#-
Ek2)l&’2&7m17 + 2k%f6 + 3k5mr5(#- 3) -6km’- 7)* 16J(1-

3k4m’4(~+ 1) + 6k$n’3(2-“~) + 6k4m’2+ km’(w - 5) -

(~ - 1~ + 64k%n’3~8k7m’7- k6m’6(&+ 7)+ 4k%’5(& + 5) +

k4m’4(& +17) - 8k3m’3(k?+2) - &m’2(ll& +13) + 4km’(k?”+l)+

Foruntaperedwings;L = k = 1:

-16Czp= —

{
[(A~4~!2 + ~: + 1) + 4&&@!2 ~ 1) - 6A’%’2(Z@’+ 1) +

YCRA’3

Cos-1m’(A’- 1)

1
Al + m!4Alm~3+ m14(2mt2+ 6’m’+ 5)

[+ m’4(2mt”4- ‘
192(m’+1)3

~t3 - 2m’2+$hn’)+8A13m’ (m’.-l)2(2’2 -1) -M’?m’s(m’-1)2+
.

~os-lm’ - A’(ml- 1)
4Alm13(ml- l)q m’ .+

192(m’- l)2(m’2- 1~m

m’4(-8m’2+ 4m’4-m’6)~o~-l1 m’4(8+ lW’2 - 3m’4)
48(m12-

1)3- =+ l“(m’2- 1)3 +

3m1+23) +A’m’2(-14+34m’-1~’2 +~13 _ 3m’4)+ 3m’3(-5-
.

6m12 - mt3 + ~1 J4) d?--

1

(A13)
288(m’2- l)2(m’- l)Jm-

—.- . . . —. .–—— -— -- ____
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4hl‘.
m “ ‘(1+ k)(m’-1):

c

Fortaperedwings:

.

h“\\\\\\\\\ \\
\ \-
\ \

\ \

128k%4(l + # - w2#) +
3tiJ3(l+ X)(1- #)2(m’2- l)(~t2 - 1)

+ m’2#(# + 3~ ~os-l-1
3fiJ3(l+ x)(1- #’)3(m’2#- 1)3/2

p(l -k)4E4k4mf5+l-2k3mr4 ~’(k+ ~)+.km’3(-1~2+ 22k+ 43)+

km’2(-5k3- ~2+3k +2)-
m’(10#+ 45k2+ 12k+ 5) -

(5~ + 14k+ 5~ + 16h’J3(l- k)3~4m’5 + 8k3m!4(k+ 2) +

k%’3(-3# +14k+5) +km’2(-3k3- 81#+k - 6) -mf(6k3+&+

~k+ 3) - (3k2+ 2k + 31 + 32k%2#(l - k)3~12k&t4-

9k%’3(3+k) +3km’2(# -W -6) +~’(# -~-l) -

3(1- k~ + 256k%’3J(l- k)2~~13(l“.k)+hN2(2 -k-&)+

J rm’(-2k2+ k + 1) + (1- k) + 256k4m’48k4m’5+ 4k%’4(7- k) +

k% ’3(-9#-lOk +35) +km’2(3k3-32& -5k +18) +m’(6k3-

31&+kk+ 3)+(31? -14k+

}
3fi 1

}
96J3(1+ X)k(l- k)3(m’2- 1)(~’ + 1) (h’ + l)(m’- 1)

.. —..-——.——.— . .. _.._ —----- . . . . .. . .Z— . .... . . . ._____ ___
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Forunsweptleadingedgesorforunswepttrailingedges;k = OYor O:

czp=+’+’2i’(1-’)2+@(’-’:-4A+
\

For k = O:

“qp= 128k’m’4

{

1+#-&m’2
31-rBA’3(1- #)’ (m” - i)(k%’2- 1) +

‘2(* + 1) - 4k2 -1 1 + k4m$2(l#+ 3) - 4P
(;- l#)(m’2-

“}

co~.l~
~)3/2Cos ~

(1- @(k2m’2 - 1)3/2
~1

(u6)

Foruntaperedwings;X = k = 1:

-16C2P= —
{
[(m14~14 - &r3 -

fi!3B ~!’ + $h’)’+ 8A’$n~(m’- 1)’(m’2- 1) -

~l~~s(mr - 1)2+ 4A’m’3(m’- l)’] I’t
192(m’-

+
l)2(m’2- 1)~~

.

.

m

}

14(-M;4+1w~2 + 8)+m~4(-m16+~’4 - &’2~Cos-l 1

144(m’2- 1)3 , M(m12 - 1)~m-
~

(A17)

,,

— -—- —-—— ~—
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Re@on
(See
aketdl)

1

2

3

4

5

[ IBcotA~l; BcotAE $l~EA? 4B.cotA
11+X)(l+B cotA) I(seefig.1.)

%

Fomrulafor @ contxibutadby a

[

-1x-B% +(m+=)ms-ix+
, &#& ‘m-‘) ‘: ,(= -,) *]Bmx+y

[

%+ Ya(*+l)+2

*
(- - Ya) ~s-l

W-Ya
1

(%+BYa)(h+1)

‘a{ [-1- + Ya(* + 1) -1

* ‘a-‘a)‘s ~-Ya
-m’.

(%+W+Y)cos-l%+*a +h(%+l)a +
M% + Ya+ al)

Ji&[(n%’+ya+2h)cos -l%+ Ya(@-l)+W+2
~+ya+al

1
-Ya(q+*a +a)(Bm-U

-

,—

‘\
-—

1
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FiKLUX l,-

-----------Imp’wa+es Mid Arm

A and Am. (b) Positive A and negative Am.

Wing confirmations to w~ch all @ and ACp distributions

,

and C% and Clp derivatives are applicable. Supsraonic leading

and trailing edges; Etreamwiae tips. Note that Mach line from
leading edge of center 6ection my intersect either tip or trailing
edge and also that Mach line from eltkr tip does not intersect
remote W-wing. Bcot A~l; lBcot~l~l;

M> h cot A
l+L~“
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(a) Negative A and Am. (b) Mach line from either tip inter-
sects remote half-wing on
condition that Mach line from
leading edge of center Oection
interaecta wing trailing edge.

Figure 2.- Additional wing configurations to which values for Cq

and Clp maybe extended byuae of theorem of reversibility.

lBcot Al~l; BA< 4B cot A ~’ kXB cot A ‘.
~l+X)(l+Bcot A~ (1 + A)(B cot A - l)
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(a)Notationandbodyaxesusedinanalysis.

/v+
z

(b)Stabilityaxes. (Correspondingbodyaxesdashed

Figure3.-Systemofaxesandassociated

forcomparison.)
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Mach

Figure4.-Regions
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of similardisturbancesforvelocitypotential
andpressuredistributions.
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\

BCL

BcotA

-40~_.~-,:=’ -------------=------“-=-“-”-” -———‘—
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5
Bcof4: 6*” ‘

(a)Taperratio X = O.

Figure7.-Variat$-nof BC~ withsweepback-angleparameterfor.
variousvaluesofas~ect-ratioparameterandtaperratio.
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